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Abstract. Atanassov’s intuitionistic fuzzy 7 equivalence information systems are natural extensions of fuzzy 7 equivalence
information systems. The aim of this paper is to investigate the uncertainty measures of knowledge in Atanassov’s intuitionistic
fuzzy T equivalence information systems. At the first, we introduce the concepts of knowledge granulation, knowledge entropy
and knowledge uncertainty measure in Atanassov’s intuitionistic fuzzy 7 equivalence information systems, and some important
properties of them are studied. From these properties, it can be shown that these measures provide important approaches to mea-
suring the discernibility ability of different knowledge in Atanassov’s intuitionistic fuzzy 7 equivalence information systems. And
relationships among knowledge granulation, knowledge entropy and knowledge uncertainty measure are considered. Furthermore,
we introduce the definition of rough entropy of rough sets in Atanassov’s intuitionistic fuzzy 7" equivalence information systems.
By an example, it is shown that the rough entropy of rough set is more accurate than natural extension of classical rough degree
to measure the roughness of rough set in Atanassov’s intuitionistic fuzzy 7 equivalence information systems.
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1. Introduction

The theory of rough sets, proposed by Pawlak
[19, 20], is a powerful mathematical approach to deal
with inexact, uncertain or vague knowledge. It has been
successfully applied to various fields of artificial intel-
ligence such as pattern recognition, machine learning,
and automated knowledge acquisition. In recent years,
The generalization of classical rough set model is one
of the most important study spotlights.

It is widely acknowledge that classical Pawlak rough
set theory is based on an assumption that every object
in the universe of discourse is associated with some
information. In many practical issues, it may happen
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that some of the attribute values for an object are a pair
of fuzzy-valued. For this reason, in 1986, Atanassov
[1] proposed the concept of an Atanassov’s intuitionis-
tic fuzzy (IF) set, which is very effective to deal with
vagueness. The concept of IF set is a generalization
of the fuzzy set [37] defined by a pair of member-
ship functions which is a membership degree and a
non-membership degree. The membership and non-
membership values induce an indeterminacy index,
which models the hesitancy of deciding the degree to
which an object satisfies a particular property. As a gen-
eralization of the fuzzy set, the concept of IF set has
played an important role in the analysis of uncertainty
of data. Recently, IF set theory has been successfully
applied in decision analysis and pattern recognition
[3,8,9,11, 13,18, 28, 31, 35, 36, 39, 40].

Combining IF set theory and rough set theory may
result in a new hybrid mathematical structure for the

1064-1246/14/$27.50 © 2014 — 10S Press and the authors. All rights reserved



1800 W. Xu et al. / Uncertainty measure of Atanassov’s intuitionistic fuzzy T equivalence information systems

requirement of knowledge-handling systems. Research
on this topic has been investigated by a number
of authors. Coker [4] first revealed the relationships
between IF set theory and rough set theory and showed
that a fuzzy rough set was in fact an Atanassov’s intu-
itionistic L fuzzy set. Various tentative definitions of
IF rough sets were explored to extend rough set theory
to the IF environment [5, 6, 12, 24-26]. For example,
according to fuzzy rough sets in the sense of Nanda and
Majumda [17], Jena and Ghosh [12] and Chakrabarty
et al. [5] independently proposed the concept of an IF
rough set in which the lower and upper approximations
are both IF sets.

Entropy is an important concept proposed by Shan-
non [27] to evaluate uncertainty of a system. It is
a very useful mechanism for characterizing informa-
tion contents in various modes and has been applied
in diverse fields. Wei et al. [30] propose an entropy
measure for interval-valued Atanassov’s intuitionistic
fuzzy sets and give an approach to construct similar-
ity measures by entropy measures for interval-valued
Atanassov’s intuitionistic fuzzy sets. The extension of
entropy and its variants were adapted for rough set in
[2, 10, 14, 21, 29]. For example, Duentsch and Gediga
defined the information entropy and three kinds of con-
ditional entropy in rough sets for predicting a decision
attribute [10]. Beaubouef et al. [2] proposed a method
measuring uncertainty of rough sets and rough relation
databases based on rough entropy. Wierman [29] pre-
sented the measures of uncertainty and granularity in
rough set theory, along with an axiomatic derivation.
Liang et al. [14] proposed a new method for evalu-
ating both uncertainty and fuzziness. Qian and Liang
[21] proposed a combination entropy for evaluating
uncertainty of a knowledge from an information sys-
tem. Beaubouef et al. [2] proposed a method measuring
uncertainty of rough sets and rough relation databases
based on rough entropy. All these studies were ded-
icated to evaluating uncertainty of a set in terms of
the partition ability of a knowledge. As a powerful
mechanism, granulation was introduced by Zadeh [38].
It presents a more visual and easily understandable
description for a partition on the universe. From the
viewpoint of granulation, several measures on knowl-
edge in an information system were proposed and the
relationships among these measures were discussed by
Liang et al. in [15, 16]. These measures include gran-
ulation measure, information entropy, rough entropy,
and knowledge granulation, and have become effec-
tive mechanisms for evaluating uncertainty in rough set
theory. Qian et al. studied knowledge granulation in a

knowledge base [22], and fuzzy information granularity
in a binary granular structure [23]. Xu et al. [32] intro-
duced concepts of knowledge granulation, knowledge
entropy and knowledge uncertainty measure in ordered
information systems.

So far, however, uncertainty measures in IF 7 equiv-
alence information systems have not been reported. In
this paper, we aim to address uncertainty measure issue
in IF 7 equivalence information systems. This paper
introduces knowledge granulation, knowledge entropy
and knowledge uncertainty measure into IF 7 equiva-
lence information systems, and discuss some properties
of them. It is shown that these proposed measures pro-
vide approaches to measuring the discernibility ability
of different knowledge in set-valued information sys-
tems.

The rest of this article is organized as follows. In
Section 2, we recall the basic contents of IF infor-
mation system and IF rough sets based on IF 7
equivalence relation . In Section 3-5, knowledge gran-
ulation, knowledge entropy and knowledge uncertainty
measure are introduced in IF 7 equivalence infor-
mation systems, and some important properties of
them are discussed. In Section 6, we investigate the
relationships and differences among knowledge granu-
lation, knowledge entropy and knowledge uncertainty
measure. Finally, as an application of knowledge gran-
ulation, we introduce definition of rough entropy of
rough set in ordered information systems in Section
7. By an example, it is shown that the rough entropy
of rough set is more accurate than the natural extension
of classical rough degree to measure the roughness of
rough set in IF 7" equivalence information systems.

2. Atanassov’s intuitionistic fuzzy rough sets
and Atanassov’s intuitionistic fuzzy 7
equivalence information systems

In this section, we mainly introduce the basic con-
tents of IF information system and IF rough sets based
on IF 7 equivalence relation. We omit review of tradi-
tional rough set theory and detailed description of the
rough set theory be found in the source papers [19].

Definition 2.1. [7] Let L* = {(a1, a2) € I2|a; + a2 <
1}. We define a relation <7+ on L* as follows: for
all (g, @2), (B1, B2) € L*, (a1, 00) <= (B1, B2) &
o] < B1 and oy > By. Then the relation <y« is a
partial ordering on L* and the pair (L*, <px) is a
complete lattice with the smallest element 07+ = (0, 1)



W. Xu et al. / Uncertainty measure of Atanassov’s intuitionistic fuzzy T equivalence information systems 1801

and the greatest element 1;+ = (1, 0). The meet oper-
ator A, join operator V and complement operator
~ on (L*, <r+) which are linked to the ordering
<p+ are, respectively, defined as follows: for all
(a1, a2), (B1, B2) € L™,
(a1, a2) A (B1, B2) = (min(ay, B1), max(az, B2)),
(a1, a2) V (B1, B2) = (max(aq, B1), min(az, B2)).
~ (a1, az) = (a2, a1).
Meanwhile we introduce an order relation >+ on L*
as follows: for all &« = («1, @2), B = (B1, B2) € L,
(B1, B2) =L+ (a1, a2) & (a1, a2) <+ (B1, B2),
a=B o=+ and B<[ra&a;=P,a=
B2,
a<px B a<pPanda + B.

Definition 2.2. [1] Let a set U be fixed. An IF set A in
U is an object having the form

A = {{x, 50, vy () |x € U},

where wy U— [ and vy U — 1 satisfy 0<
M;(x) + vz(x) <1forallx € U, M;(x) and uz(x) are
called the degree of membership and the degree of
non-membership of the element x € U to A, respec-
tively. The family of all IF subsets of U is denoted by
IF(U). The complement of an IF set A is defined by
~ A = {{x, vi(0, iz () x € U,

Obviously, every fuzzy set A= {(x, u;(x))lx e U}

can be identified with the IF set of the form A =
{(x, MX(X)s 1-— ,uz(x))|x € U}. We denote the family
of all fuzzy subsets of U as F(U).

Definition 2.3. [1] If A, B € IF(U), then,

() A S B & puz(x) < pjo) and vy (x) = vy(x) for
dlxel, = _

2 A2B& BCA, B

(3) A=B& AC Band B C A,

Definition 2.4. [1]If A, B € IF(U), then,

(1) AN B = {{x, min(uz(x), p(0)), max(vy(x),
vl € U)),

(2) AU B = {{x, max(uz(x). p(x)). min(v(x),
vi()lx € U)).

For a = (a1, ap) € L*, @ = (a1, @) will be denoted
by the constant IF set: a(x) = (a1, a2)(x) = (1, &2),
for all x € U. In particularly, if a € I we denote a as a
constant fuzzy set, i.e., a(x) = a forall x € U.

Forany y € U, IF set Ty and TU_{ y} are, respectively,
define as follows: for x € U,

0,if x=y,
vy ()=
8%

1,if x=1y,
#i, @ = {0. if x+#y. Lif x#y.

0, if x =y, 1, if x =y,
Py =10 2y o™ = V0. x £ y.

The IF universe set is TU = (1,/\_0/) = TL* =
{(x,1,0)]x e U} and the IF empty set is
ly =(0,1) =0r+ = {{x,0, 1})|x € U}.

Definition 2.5. [1] A fuzzy triangular norm (briefly
fuzzy t-norm) on / is an increasing, commutative, asso-
ciative mapping T : I x I — [ satisfying T(1,a) = a
foralla € I.

A fuzzy triangular t-conorm (briefly fuzzy t-conorm)
on [ is an increasing, commutative, associative mapping
S : I x I — Isatisfying S(0,a) =aforalla € I.

A fuzzy t-norm T and a fuzzy t-conorm S on [/ are
said to be dual with respect to complement operator ~,
if foralla, b € I,

S@a,by=~T1—-a,1-b)=1-T1 —a,1—-D>).

Definition 2.6. [7] An IF t-norm 7 (respectively, t-
conorm S) on L* can be defined by fuzzy t-norm T
( t-conorm S§) as follows:

T(a, p) = (T(a1, B1), S(2, B2)),

S, B) = (S (a1, B1), T (a2, B2)),
forall o = (a1, @2), B = (B1, B2) € L™

Definition 2.7. Let T be a fuzzy t-norm on / and S the
dual of T. Two fuzzy residual implication by the 7" and
S can be defined as follows:

0(a, b) = sup{c € I|T(a, c) < b}, ¢(a, b) = inf{c €
118(a, ¢) = b},
forany a, b, c € I.

Now, we define the following two IF implication on
L*: for all @ = (a1, a2), B = (B1, B2) € L,

D(a, B) = (¢(1 — a2, B1), O(1 — a1, B2)),

O(a, ) = (0(1 — a2, B1), (1 — a1, f2)).

Proposition 2.1. Let 6 be a fuzzy residual implication
and ¢ be the dual of 0, for any a, b € I, then ¢(~ a, ~
b) =~ 6(a, b).

Obviously, it can be seen that ®(a, ) =~ O(~ «, ~
B), for all a = (a1, a2), B = (B1, B2) € L*.
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Definition 2.8. [3] An IF bingry relation R on U is an
IF subset of U x U, namely, R is given by

R = ({0 ). gsx ), v, ), y) € U x U,

where uyp:UxU—1 and vy :UxU — 1,
0 < px(x, y) +vp(x,y) <1 for all (x,y)eUxU.
IFR(U x U) will be used to denote the family of all IF
relations on U.

Definition 2.9. [3] Let Re IFR(U x U), we say that

€)) Ris refeirred to as an IF reflexive relation if for any
xe U, R(x,x)=(1,0).

2) R is referred to as an IF symmetric relation if for
any x,y € U, R(x, y) = R(y, x).

(3) Risreferred to as an IF 7 transitive relation if for
any x,y,z € U, R(x,2) >+ T(R(x, y), R(y, 2)).

If Ris IF reflexive, IF~symmetric and IF 7 transitive on
U, then we say that R is an IF 7 equivalence relation
onU.

An IF 7 equivalence class [xily of x;eU
is an IF set, denoted as: [xl-]% = (/,L[xi],l;, v[xi}g),

where fipy 1 = (g 10 HRaoy - i, n)) KRij =

,uR(xl, Xj) and Vixi~ ~ (VR(t,l)’ Ry +VR(1 n)),
Vi) = ve(xi, x;). The IF 7 equivalence class is an
IF knowledge granule, the elements in the class are IF
T equivalent indiscernible. The family of the IF equiva-
lence classes [x,] written as U/R ={ xl] |x; € U}is
called an IF qu0t1ent set (or classification) of U induced
by R.

There are two kinds of special case of classification
U/R, i.e., the discrete case and the indiscrete case. The
discrete case is defined as:

U/IR : U/Ig = {[xil; = Tpylxi € U).
The indiscrete case is defined as:
U/Sk : Ufsg = {xil5, = Tulxi € U

An IF information system [33, 34] is an ordered quadru-
ple I = (U, AT, V, f), where U = {x1,x2,...,x,}isa
non-empty finite set of objects, AT = {aj, ay, ..., ap}

is a non-empty finite set of attributes, V= |J V,
acAT
and V, is a domain of attribute a, f: U x AT - V

is a function such that f(x, a) € V,, for each a € AT,
x € U, called an information function, where V, is an
IF set of the universe U. That is

fx, a) = (ua(x), va(x)), for all a € AT,

Table 1
An IF information system
U aj a as as as
x1  (04,0.6) (0.8,0.1) (0.6,03) (09,0.00 (0.7,0.1)
x2  (03,05) (0.7,0.3) (05,0.1) (0.7,0.1) (0.6,0.3)
x3  (05,03) (08,0.1) (0.7,0.1) (1.0,0.0) (0.7,0.1)
x4 (0.6,03) (09,000 (0.7,0.1) (0.8,0.2) (0.8,0.0)
x5 (09,0.1) (09,0.00 (08,0.1) (0.6,03) (1.0,0.0)

where u, : U — [0, 1]and v, : U — [0, 1] satisfy 0 <
Ha(x) + v4(x) < 1,forallx € U. u, and v, are, respec-
tively, called the degree of membership and the degree
of non-membership of the element x € U to attribute
a. We denote a(x) = (q(x), va(x)), then it is clear that
a is an IF set of U. Table 1 shows an IF information
system.

Definition 2.10. An IF 7 equivalence information sys-
temis an ordered quintuple Z = (U, AT, V, f, F ), where
(U, AT, V, f)is anIF information system, /- is~ the map-
ping from power set AT into the family set R of IF 7
equivalence relation.

Let ZT=(U,AT,V, f,F) be an IF T equivalence
information system, for A € AT, a € A, Ea € Rbean
IF 7 equivalence relation respect to attribute a. Denotes
Ra= () Ra

acA
For simplicity, the examples throughout the paper

will exploit the relation R, as following: R,(x;, x;) =
(g (xisxj), vg (xi, x;)), where, pg (xi, xj) =1—
max{|a(xi) — ma(xj), [va(xi) — va(xj)[} and g,
(i X)) = $(Ra(x)) = taG Dl 4 a(xi) — valx)))).
Consider the IF t-norm 7: 7 (e, ) = (max{0, o1 +
B — 1}, min{l, a2 + f2}) for a= (o, ), =
(B1, B2) € L*. Obviously, the relation R, is an IF 7T
equivalence relation.

Definition 2.11. Let Z = (U, AT,V, £ F) be an IF
T equivalence information system. A, B C AT, and
U/Ra = {[xilg 1% € U}, U/Rg = {[xi]z |xi € U} be
classification of two IF 7 equivalence relations R4 and
R p respectively.

() If [x,-]~ = [x,-]ﬁ for all x; € U, then we call that
013551ﬁcat10n U/RA is equal to U/RB, denoted by
U/R4 = U/Rg.

@) If [x,] C [xil5 s for all x; € U, then we call that
clas51ﬁcat10n U/RA is finer than U/RB, denoted
by U/RA - U/RB

3 If [xl]RA C [x’]FB for all x; € U and [xi]%A C

[xi]5 for some x; € U, then we call that classifi-
Rp
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cation U/ Ry is properly finer than U/ R, denoted
by U/R4 C U/Rp.

We denote RA = RB & U/RA = U/RB RA < RB &
U/RA - U/RB and R4 < Rg & U/RA - U/RB

Exargple 2.1. From Table 1, the IF 7 equivalence rela-
tion R47 is computed as follows:

Rur= | 0.7,02) 07,02

If Eivenote A = {ay, ay, a3}, the IF T equivalence rela-
tion R4 is computed as follows:

(2) Ra(X) € X € Ra(X).

(3) Ra(XNY) = Ra(X) N RA(Y),
RA(X)U RA(Y). o o

(4) X CY = Ra(X) C Ra(Y)and Ra(X) € Ra(Y).

RA(XUY) =

(1.0,0) (0.8,0.15)(0.7,0.2) (0.7, 0.25) (0.5,0.5)
(0.8,0.15) (1.0,0) (0.8,0.2)(0.7,0.25) (0.4,0.5)
Ri=| 07,02 08,02 (1.0,00 (0.9,0.1) (0.6,0.3)
(0.7,0.25)(0.7,0.25)(0.9,0.1) (1.0,0) (0.7, 0.25)
(0.5,0.5) (0.4,0.5) (0.6,0.3)(0.7,0.25) (1.0, 0)

Thus, it is obvious thNat U/T?AT - U/EA. We can

(5) RaX UV 2 RAK)URAT).  RaXNn¥)C
RAX)U Ry(Y).
(1.0,0) (0.8,0.15) (0.7,0.2) (0.7,0.25) (0.5, 0.5)
0.8,0.15) (1.0,0) (0.7,0.2) (0.7,0.25) (0.4,0.5)
(1.0,0) (0.8,0.2) (0.6,0.35)
(0.7,0.25) (0.7, 0.25) (0.8,0.2) (1.0,0) (0.7,0.25)
(0.5,0.5) (0.4,0.5) (0.6,0.35)(0.7,0.25) (1.0,0)
(6) Ra(@) =@, Ra(@) =a.
In particular, &(T@) = ?A(Tg) = Tg;,

say that classification U/ R 4t is finer than classification
U/INQA, or knowledge RAT is finer than INQA.

Let Z= (U, AT, V, f, F) be an IF 7 equivalence
information system. Xe IF(U) and A C AT, the ®-
upper and ®-lower approximations of X with respect
to IF relation R4 are respectively defined by

Ra(X) = {(x, = 2 (0, v = (D) x € U;

Ra(X) = ((x, uRA(X)Oc), Vi, @)X € U).
where o o
p= ~ (x) = e (1 — gz (6, 3), nz (),

Ra(X)
ﬁA(})(x) 0(1 = Vg, (6 3, vx(0);
R = 2,00 = 7, () 500,
V}A(})(X) - y;/U ¢l — MEA . ), v}(y))

From the above definition of IF rough approximation,
the following important properties in 7 equivalence
information systems have been proved.

Proposition 2.2. Let 7 = (U, AT, V, £ ) be an IF T
equivalence information system. X, YelF W), =
(a1, a2) then its O-upper and O-lower approximations
satisfy the following properties.

(1) Ra(~ X) = ~Ra(X). Ra(~X) =~ Ra(X).

Ra(p)=Ra()=Ty.
(7) Ra(RA(X)) = Ra(X), Ra(RA(X)) = Ra(X).

3. Knowledge granulation in IF 7~ equivalence
information systems

In this section, we will introduce the definition of
granulation of knowledge in 7 equivalence information
systems, and discuss some important properties.

Definition 3.1. Let Z = (U, AT, V, £ F) be an IF T
equivalence information system, A C AT, R4 be an
IF T equivalence relation, U/ R4 = {[xi]§A|x,- e U} be
the classification. And we can define the IF cardinality
of [xl-]}A as following:

Card|[x; ) o= Untar | ok, D,

M=

where gy |
Ry

n
= j;l MR 4Gy and |v[xl.}I¥A | =

~.
Il
—_

Ve o
RaG.))
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Definition 3.2. Let Z = (U, AT, V, £ ) be an IF T
equivalence information system, AA C AT, RgbeanIF
T equivalence relation, and U/Rg = {[xi]§A|x,- e U}

be the classification. Granulation of knowledge R is
defined as
. 1 U]
GK(Ryp) = — . 1 — vy, .
Ra) = 3771 ;umxw + 11 = v D

Theorem 3.1. Let f—(U AT, V, f F) be an IF
T equivalence information system, A, B C AT, and
U/Ra = (Lxilg, i € U}, U/Rp = {lxilg, |x; € U} be

classification of two IF T equivalence relations R4
and Rp, respectively. If exists a bijective map h :
U/RA — U/Rp, such that |[x,] | = |h([x,] )| then

GK(R4) = GK(Rp).
Proof. It can be achieved by Definition 3.1. ]

Corollary 3.1. Let 7= (U, ATV, fF) be an IF T
equivalence information system, A, B C AT, R A4 and
R Rp | betwoIF T equlvalence relation. If R A= R B, then
GK(RA) = GK(RB).

Theorem 3.2. Let 7 = (U, AT,V, fF) be an IF
T gquivalence information system, A, BC AT, and
U/Ra = {lxily 1xi € U}, U/Rp = {[xilg |xi € U} be

classification of two IF T equivalence relations R4
and R, respectively. If RA < Rp, then GK(RA) <
GK(Rp).

Proof. Since 1~€A =< EB, we can have that for all

xi € U, [xilg, © [xilg, - So IM[xi}EAI +11 - U[""}EAl <

W[""}E |+ 11— Vi~ |. Thus, the following holds. i.e.,
B B

. 1 |U|
GK(R) = 375 > (kg 1411 = v D
i=1

|U|
1
< ) 1 — vy
= up iE_l(lu[x,];Bl +1 U[XI}EBD

= GK(Rp). O

Example 3.1. (Continued from Example 2.1) By com-
puting, we have that

1
GK(Rar) = 7 (16+75

+7.85 +7.9546.6) =0.75,

GK(Ry) = (7.6 +7.6

1
2 x 102
+ 8.2+ 8.15+ 6.65) = 0.764,

Obviously, GK(Ra7) < GK(Ry).

Corollary 3.2. Let 7= (U, AT, V, £ F)beanIF T
equivalence information system, A, B C AT, and Ra,
RB be two IFTequwalencerelanons If RA < RB,then
GK(RA) < GK(RB).

Corollary 3.3. Let = (U, ATV, f,F) be an IF T
equivalence information system, A, B € AT, and Ra,
R Rp| be two IF 7 equlvalence relations. If R A=< R g and
GK(Ra) = GK(Rp), then R4 = Rp.

Theorem 3.3. Let Z = (U, AT, V, . F) be an IF T
equivalence information system. A C AT, and Rx be
an IF T equivalence relation. The minimum of knowl-
edge granulation of T is 1/|U|. This value is achieved
if and only if]~€A = Ix.

Proof. Since U/Ig = {[x;
have

]INR =T{xi}|xi € U}. So we

|U|

— ~ 1

GK(Up) = 3775 2 Uitz |+ 11 = v )
i=1

Ul

1 1
e 20+ D= g7

Thus, GK(Ig) = O

1
-
Theorem 3.4. Let T = (U, AT, V, £ F) be an IF T
equivalence information system. A C AT, and Rx be
an IF T equivalence relation. The maximum of knowl-
edge granulation of T is 1. This value is achieved if and
only if R4 = 8g.

Proof. Since U/E; = {[x;]
have

5 =TU|xl~ e U}. So we

U]

— 1

GK(@gr) = W Z(|/‘L[xi]5~R| + 1= V[xi](;]; D
i=1

Ul

1
i ;u |+ 1U))

Thus, GK(Ig) = 1. O
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Theorem 3.5. Let 7 = (U, ATV, fF) be an IF T
equivalence information system. A C AT, and Rx be
an IF T_equivalence relation.The knowledge granu-
latlon GK(Rp) exists the boundedness ie, 1/|U| <
GK(RA) < 1. Where GK(RA) = 1/|U| if and only if
RA = IR, and GK(RA) = 1 if and only lfRA = SR

Proof. It can be obtained by Theorems 3.3 and 3.4. J

Theorem 3.6. Let Z = (U, AT,V, fF) be an IF
T equivalence information system. A C AT, and
U/Ry = {[x,']k—A |x;i € U} be classification of IF T

equivalence relation Ra. If some knowledge granule
[x,-]};A (x; € U) can be resolved into two new knowl-
edge granules, and else knowledge granule have no
change, where we denote the new knowledge by R 4,
then GK(R 4) < GK(Ry).

Proof. Assume that [x"]}EA of U/ R A can be resolved into
[xi]E, and [xj];, (i < j). where [xil; [x] U

A A
[xj];A, and [xi];A c lxlg,» [xj];A E [x1%, SO

we have

U/R o = (nilg Ll oo Ll
) [Xj];,A, s oy,

That is to say,

Ul

GK(Ry) = =—— 1-
Ra) = 557 ;(m[x,wﬂ Vot D

1 i—1
= 1—
I §(|u[%| + 11 = v D

1
2(|H[x,]~ |+ 11— Vil D

2]
1 4
1 —
T Ef'mw |+ 1= v D
1
2|U|2(|Mlx, |+ 11— l)[)c_,']fEA D
Ul
T t;l(mw |+ 1= v D
J

1 i—1
> — 1—
2 507 §<|M[X,J;A| + 11 = v D

1
+ —Uumi~ [+ 1=y~ D
2 G s
j—1
T > (g 1+ 11 = vig D
t=i+1
1
2|U|2(|Mx]] [+ 11— x,]~ D)
L
+ o 2o Ut 1+ 1= v D
2|U|
t=j+1
— GK(R )
Thus, GK(R 4) < GK(R4). O

Corollary 3.4. Let Z = (U, AT, V, /) be an IF T
equivalence information system, A € AT, Ra be an
IFT equivalence relation. If R4 can be resolved into a

new knowledge R’ 4, then GK(R A) < GK(RA)

Theorem 3.7. Let 7= (U, AT,V, fF) be an IF
T equivalence information system, A C AT, and
U/RA = {[xl |x, € U} be classification of IF T

equivalence relatlon Ra4. If a new knowledge granule
can be composed of two knowledge granules of R4,
and else knowledge granules haXf no change, where
we denote the new knowledge by R 4, then GK(R,) <
GK(R' 4).

Proof. Assume that [x;] & can be composed of

A

[)ci]}A and [xj]ﬁA of U/R4 (i.j < k), where [xk]g,
[xilz, Ylxlz,»
U/R 4 ={lx1lz,.
A [Xk]g/;,, sy

A
and [xk]EA C [xk];, . So, we have
A

[XZ]FI\?/A’ AR [xl]EA’ AR
[x‘U|]}A }. That is to say,

[x1%,>

o 1 U]
GK(Ry) = W Z(W[x’}EA' + 11— V[x,]fEA D
=1

k—1
1
=308 ;umxw + 11 = v D
! 1-—
+ 2|U|2(|M )Ck]’v | + | xk}EA |)
|U|
T > Untag 1+ 11 = v D
t=k+1
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k—1
< —
< 507 ;(W[x,}EA [+ 11 = Vi D

1
{ | + 11 =g~ D
TRt bl
]
T 2 (reg 1411 =gy D
t=k+1
= GK(R »)
Thus, GK(R4) < GK(R' 4). 0

Corollary 3.5. Let T= (U, AT, V, f,F) be an IF
T Nequivalence information system, A C AT, and
U/Ry = {[xi]§A|xi € U} be classification of IF 7T

equivalence relation R4. If a new knowledge R’ 4 can
be composed of R4, then GK(R4) < GK(R' 4).

From the above conclusions, it can be shown that a
knowledge granulation provides an important approach
to measuring the discernibility ability of a knowledge in
IF 7 equivalence information systems. The smaller the
knowledge granulation is, the stronger its discernibility
ability is.

4. Knowledge entropy in IF 7 equivalence
information systems

In this section, the definitions of knowledge rough
entropy and knowledge information entropy will be pro-
posed in IF 7 equivalence information systems, and
some important properties are investigated.

4.1. Knowledge rough entropy in IF T equivalence
information systems

Definition 4.1. Let Z = (U, ATV, £, F) be an IF T
equivalence information system. A € AT, U/Ry =
{[xi]};A |x; € U} be classification of IF 7 equivalence

relation Ry. Rough entropy of knowledge R4, which
is denoted by E(R4), is defined by

Ul

— 1 2
E.(Rp) = — Z Ul log
i=1

2 .
IM[x,-};AI +11 V[x,-}EAI

Theorem 4.1. Let T = (U, AT, V, £F) be an IF
T equivalence information system, A, B C AT, and

U/Ra = ([xilz, Ixi € U, U/Rp = ([xilg, lxi € U} be

classification of two IF T equivalence relations R4 and
R p respectively. We can have the following conclusions.

n If |U/RA| |U/RB| ‘and it exists a bijective
map h : U/RA — U/RB, such that |[x,-]}§A| =
|h(Lxi1% )l then E.(Ra) = E(Rp).

(2) If Ra < Rg, then E,(Ra) < E/(Rp).

(3) Rough entropy of knowledge Ry exists the
boundary, ie., 0 < E.(Rj) <log,|U|. Where
E(Ra) = Oifandonlyif Ry = Ig, and E,(R4) =
log, |U| if and only if R4 = Sk.

@ If R A can. be resolved into a new knowledge E As
then E(R x) < E(Ry).

(5) If a new knowledge AIS" A can be composed of R4,
then E.(Ra) < E,(Ra).

Proof. The proofs of them are similar to Theorems
3.1-3.7. (]

Example 4.1. (Continued from Example 2.1) By com-
puting, we have that

1 1 1
E(Ra7) = = 10g2 3.8+ — 5 log, 3.75 + 3 log, 3.925
1
+ g log, 3.975 + 3 log, 3.3 = 1.904;
1 1 1
E (Rp) = - 10g2 3.8+ - 5 log, 3.8 + 3 log, 4.1

1 1
+ § log, 4.075 + g log, 3.325 = 1.930.
So, E.(Rar) < E(Ra).

4.2. Knowledge information entropy in IF T
equivalence information systems

Definition 4.2. Let Z = (U, AT, V, £ F) be an IF T
equivalence information system. A € AT, U/Ry =
{[x; R |x; € U} be classification of IF 7 equivalence

relation Ry. Information entropy of knowledge Ry,
which is denoted by E(R,), is defined by

Ul I |+ 11— v |
o~ o~ 1 irg R
ERp=Y — (1~ A A,
(Ra) £ U] ( 2|U] )
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Theorem 4.2. Let T = (U, AT, V, fF) be an IF
T gquivalence information system, A, BC AT, and
U/Ra = {lxily 1xi € U}, U/Rp = {[xilg |xi € U} be

classification of two IF T equivalence relation R4 and
Rp respectively. We can have the following conclusions.

n If |U/§A| =~|U/§B|, and it exists a bijective
map h:U/Rg — U/Rp, such that |[xi]}A| =
|h(LxiT )l then E(R4) = E(Rp).

(2) If Ra < Rp, then E(Ra) = E(Rp).

(3) Information entropy of knowledge RA exists
the boundary, i.e., 0 < E(Ry) <1 — . Where

E(kA) =1- m if and only if RA = IR, and
E(Rx) =0 ifand only if Ry = dg.

@ If R4 can be resolved into a new knowledge 1;’ A
then E(R 4) > E(Ry).

(5) If a new knowledge R" 4 can be composed of Ra,
then E(R4) > E(R 4).

Proof. The proofs of them are similar to Theorems
3.1-3.7. O

Example 4.2. (Continued from Example 2.1) By com-
puting, we have that

ERar) = %[(1 —0.76) + (1 — 0.75) + (1 — 0.785)
+(1 —0.795) 4+ (1 — 0.66)] = 0.25;
ERy) = é[(] —0.76) + (1 — 0.76) + (1 — 0.82)

+ (1 —0.815) + (1 — 0.665)] = 0.236.

Thus, we have E(T?AT) > E(ﬁA).

5. Knowledge uncertainly measure in IF 7°
equivalence information systems

In this section, another uncertainty measure will
be introduced, which can provide another important
approach to measuring the discernibility ability of a
knowledge in IF 7 equivalence information systems.

Definition 5.1. Let Z = (U, AT, V, £ ) be an IF T
equivalence information system. A € AT, U/R4 =
{[x"]}EA |x; € U} be classification of IF 7 equivalence

relation EA. Uncerteliniy measure of knowledge R A,
which is denoted as E(R,), is defined by

1l IM[x,-};AI-l-Il—

o~ V[x,-}EAI
G(Ra) == 777 lozs i
i=1

Theorem 5.1. Let 7 = (U, ATV, f,F) be an IF

T equivalence information system, A, B C AT, and

U/Ra = ([xil, Ixi € U, U/Rp = {[xil5, 1xi € U} be

classification of two IF T equivalence relation R and

Rp respectively. We can have the following conclusions.

M If |U/RA| |U/R3| and it exists a bijective
map h: U/RA — U/RB, such that Hxi]EA' =
Ih([xiT% ). then G(Rp) = G(Rp).

(2) If Ra < Rp, then G(Ry) = G(Rp).

(3) Information entropy of knowledge R exists
the boundary, ie, 0 < G(Ry) < 10g2 |U| Where
G(RA) log, |U| lfand only lf RA = IR, and
G(RA)—OlfandonlylfRA —SR B

@ If R4 can be resolved into a new knowledge R 4,
then G(R'4) > G(Ry).

(5) If a new knowledge | R’ A can be composed of Ra,
then G(Rx) > G(R 4).

Proof. The proof of them are similar to Theorems
3.1-3.7. O

Example 5.1. (Continued from Example 2.1) By com-
puting, we have that

~ o~ 1
G(Rar) = —g[(10g2(0-76)) + (log,(0.75))

+ (log,(0.785)) + (log,(0.795))
+ (log,(0.66))] = 0.418;

~ 1

G(Ry) = —g[(log2(0.76)) + (log,(0.76))
+ (log,(0.82)) + (log,(0.815))
+ (log,(0.665))] = 0.392.

Thus, we have é(TQAT) > é(kA).

6. Relationships among knowledge granulation,
knowledge entropy and uncertainty measure

In this section, we will discuss the relationships
among knowledge granulation, knowledge entropy and
uncertainty measure.
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Theorem 6.1. Let Z = (U, AT, V, £ F) be an IF T
equivalence information system. A C AT, U/Rjs =
{[xil |x, € U} be classification of IF T equivalence

relatlon Ra. The relation of knowledge granulation
GK (Ry) and information entropy E (Ra) of knowledge
R AlS

Proof. Since U/ R A= {[x,-]m |x; € U} is classification

of IF 7 equivalence relation R A, we have
GK(Ra)+ E(Ra)
|U]
= . 1 —
I ;umx,];“ +|

ul W[’”}EA| + 1 - V[x,}EAI
— (1=
+.Z U] 21U

Wik T+ = v |
D
21U

i=1

7 IM[xi}EAI + 11— V[x,-]/;A|
— \IUI 21U

v["i}EA D

2

_ZIUI : O

Example 6.1. (Continued from Example 3.1 and Exam-
ple 4.2) In Examples 3.1 and 4.2, we have acquired
that

GK(Rar) = 0.75, GK(R4) = 0.764;
E(Rar) = 0.25, E(R4) = 0.236.

So, the following is obvious

GK(Rar) + E(Rar) =1,

GK(R4)+ E(Ry) = 1.

Theorem 6.2. Let T = (U, AT, V, £ F) be an IF T
equivalence information system. A C AT, U/Ry =
{[xil |xi € U} be classification of IF T equivalence

relatzon Ra4. Relationship between uncertainty measure
G(RA) and rough entropy E, (RA) of knowledge Ry is
G(R4) + Ex(Ry) = log, |U.

Proof. Because U/I~?A = {[x"]ﬁA |x; € U} is classifica-
tion of IF 7 equivalence relation R A, we have
G(Ra) + E/(Rp)
Ul Ity [+ 11—
Ra

"[X"}EA|
= — log
Z |2 21U

|U| 82,

Ul
= - —[lo ; + 1 — vy,
; gl htsy 1411 = viar D

2
[xi}EAI + 11— v[xi}EAl

— log,2|U)]
U]
— —[1 -1 ) 1 — vy
; |U|[ ng(w[x,}I;A |+ | Vil D]

Ul

1
= Z g lee@Uh =1

U

1
= —( U
; |U|<og2(| D)
= log,(|U). O

Example 6.2. (Continued from Example 5.1 and Exam-
ple 4.1) In Examples 5.1 and 4.1, we have acquired
that

G(Rar) = 0.418, G(R4) = 0.392;

E-(Rar) = 1.904. E.(R4) = 1.930.
So, the following is obvious

G(Rar) + Ex(Rar) = 2.322 =log, |U|,

G(R4) + E-(Ry) = 2.322 = log, |U|.

7. Uncertainty measure of rough sets in IF 7
equivalence information systems

In this section, we will introduce the definitions of
roughness measure and accuracy measure of rough sets
in IF 7 equivalence information systems by general-
izing the classical rough degree of Pawlak rough set,
and through two illustrative examples,we find the lim-
itations of roughness measure and accuracy measure
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for evaluating uncertainty of a set and approximation
accuracy of a rough classification in IF 7 equivalence
information systems. In order to overcome the limita-
tions, the concept of rough entropy will be proposed in
IF T equivalence information systems.

Definition 7.1. Let Z = (U, AT, V, £ ) be an IF T
equivalence information system. A € AT, R4 be an
INF T equivalence relation, The roughness measure of
X is defined by

| ; |+ 1 I’
(X) R(X)

pﬁA(X) =1-

where X * T@ and | - | denotes the cardinality of an IF
set. For convenience, we preside PR, (Ip) = 1.

The accuracy measure of X is defined by

0%, (X)=1-pp (X)= W EaTp—
RA(X) RA(X)

Example 7.1. (Continued form Example 2.1) In
Example 2.1, we have known U/Rut C U/RA,
ie., clas~siﬁcat10n U/ RAT is finer than classifica-
tion U/R4 in the system. Consider the IF t-norm
T: T@,p) = (T(a1,B1), S(a2, B2)), where o=
(a1, a2), B = (B1, B2), T(a1, B1) = max{0, oy + B —
1}, S(a, B2) = min{1, o + B}. for X' = {(0.2,0.7),
(0.4,0.5),(0.5,0.2), (0.7, 0.2), (1.0, 0)}. Then we can
calculate the Ra7(X'), Rar(X), Ra(X') and Ra(X')
as follows:

Rar(X) = Ra(X)
={(0.5,0.4),(0.4,0.4), (0.6, 0.2),
0.7,0.2), (1.0, 0)};
Rar(X') = Ra(X)
= {(0.2,0.7), (0.35,0.5), (0.4, 0.4),
(0.45,0.4), (0.7, 0.2)}.

Thus, by calculating, the rough degrees of X' about
knowledge Ru7 and R4 can be obtained respectively,
pp, X) =% )

In other words, the uncertainty of knowledge Ry is
larger than that of R47 in Example 2.1, but X has the
same rough degree. Therefore, it is necessary to find a
new and more accurate uncertainty measure for rough
sets in IF 7 equivalence information systems.

which are pIEAT(X’)

In the next, the concept of rough entropy will be pro-
posed, and it will be shown that it is a new and more
accurate uncertainty measure for rough sets in IF 7°
equivalence information systems.

Definition 7.2. Let Z = (U, AT, V, £ F) be an IF T
equivalence information system. A C AT, Ry lze anIF
T equivalence relation, the rough entropy of X about
knowledge R4 is defined as follows:

E3,(X) = pg (X)- GK(Ry).
Furthermore, the following property can be obtained
about the entropy of rough sets.

Theorem 7.1. Let T = (U, AT,V, fF) be an IF
T equivalence information system, A, B C AT, and
U/Ry = {lxi)5 |xi € U}, U/Rp = {[xilgg, i € U} be

classification of two IF T equivalence relation Ry and
R g respectively. We can have the following conclusions.

) If |U/RA| |U/R3| _and it exists a bijective
map h: U/RA—> U/RB, such that |[xl] |—

|h(~[x,-]§A)|, then EEA (XN) = E}B (XN).
(2) If R4 X Rp, then E}?ASX) < E}B(X). N
(3) Rough entropy of X about knowledge Ry
exists the boundary, i.e., 0 < E~ (X) < 1. Where
E~ (X)=0 if and only zf Ra=1Igr and
E~ (X) = 1ifand only if Ry = 3

@ If R4 can be resolved into a new knowledge R A
then E~ (X) < E~ (X).

5) If a new knowledge R A can be composed of Ry,
then E% (X) < E (X)

Proof. The proofs of them can be acquired directly by
Theorems 3.1-3.7 and Definition 7.1. O

From the above, the rough entropy of rough sets is
related not only to its own rough degree, but also to the
uncertainty of knowledge in IF 7 equivalence informa-
tion systems.

Example 7.2. (Continued form Example 7.1) The rough
entropy of X / in Example 7.1 is calculated about knowl-
edge Rt and Ry, respectively, which are

Ez (X)) =pz (X)-GK(Rar)

=0.75 x 0.82 = 0.615,
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Ey, (X) = pg (X) - GK(Ra)
= 0.764 x 0.82 = 0.626.
Thus, we have

E’IEAT(X) < E’IEA(X ).

8. Conclusion

Atanassov’s intuitionistic fuzzy 7 equivalence infor-
mation systems are more material and concise to
describe the essence of fuzziness. Thus, the uncertainty
measure method of knowledge is one of the most impor-
tant research tasks in Atanassov’s intuitionistic fuzzy 7°
equivalence information systems. In this paper, we con-
sidered the binary relation and the boundary of a rough
set of the uncertainty of knowledge from two aspects.
In binary relation aspect, we introduced the concepts of
knowledge granulation, knowledge entropy and knowl-
edge uncertainty measure in Atanassov’s intuitionistic
fuzzy 7 equivalence information systems, and dis-
cussed some important properties of them. From these
properties, it can be shown that these measures provided
some important approaches to measuring the discerni-
bility ability of different knowledges in Atanassov’s
intuitionistic fuzzy 7 equivalence information systems.
In boundary of a rough set aspect, we introduced a nat-
ural extension of classical rough degree to measure the
roughness of rough sets in Atanassov’s intuitionistic
fuzzy 7 equivalence information systems, and by an
example, we found the limitations of roughness mea-
sure and accuracy measure for evaluating uncertainty of
a set and approximation accuracy of a rough classifica-
tion. Thus the concept of rough entropy was proposed
in Atanassov’s intuitionistic fuzzy 7 equivalence infor-
mation systems, which was more accurate than natural
extension of classical rough degree to measure the
roughness of rough sets. These results will be helpful
for understanding of the essence of uncertainty mea-
sure in Atanassov’s intuitionistic fuzzy 7 equivalence
information systems.

Acknowledgements

This work is supported by National Natural Science
Foundation of China (No. 61105041, 71071124 and
11001227), Postdoctoral Science Foundation of China
(No. 20100481331), Science and Technology Program
of Board of Education of Chongqing (KJ120805),

National Natural Science Foundation of CQ CSTC (No.
cstc2011jjA40037), and Graduate Innovation Foun-
dation of Chongqing University of Technology (No.
YCX2011312).

References

[1] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems
20 (1986), 87-96.

[2] T. Beaubouef, FE. Petry and G. Arora, Information-theoretic
measures of uncertainty for rough sets and rough relational
databases, Information Sciences 109 (1998), 185C-195.

[3] H. Bustince and P. Burillo, Structures on intuitionistic fuzzy
relations, Fuzzy Sets and Systems T (1996), 293-303.

[4] D. Coker, Rough sets are intuitionistic L-fuzzy sets, Fuzzy Sets
and Systems 96 (1998), 381-383.

[5] K. Chakrabarty, T. Gedeon and L. Koczy, Intuitionistic fuzzy
rough set, in: Proceedings of Fourth Joint Conference on Infor-
mation Sciences (JCIS), Durham, NC, 1998, 211-214.

[6] C. Cornelis, M.D. Cock and E.E. Kerre, Intuitionistic fuzzy

rough sets: At the crossroads of imperfect knowledge, Expert

Systems 20 (2003), 260-270.

C. Cornelis, G. Deschrijver and E.E. Kerre, Implication in

intuitionistic fuzzy and interval-valued fuzzy set theory: Con-

struction classification, application. International Journal of

Approximate Reasoning 35 (2004), 55-95.

[8] E.E. Castinira, C. Torres-Blanc and S. Cubillo, Measuring

contradiction on A-IFS defined in ?nite universes, Knowledge-

Based Systems 24 (2011), 1297C-1309.

G. Deschrijver and E.E. Kerre, On the position of intuition-

istic fuzzy set theory in the framework of theories modelling

imprecision, Information Sciences 177 (2007), 1860—1866.

[10] I Duentsch and G. Gediga, Uncertainty measures of rough set
prediction, Artificial Intelligence 106 (1998), 109-137.

[11] L. Dymova and P. Sevastjanov, An interpretation of intuition-
istic fuzzy sets in terms of evidence theory: Decision making
aspect, Knowledge-Based Systems 23 (2010), 772-782.

[12] S.P.Jena and S.K. Ghosh, Intuitionistic fuzzy rough sets, Notes
on Intuitionistic Fuzzy Sets 8 (2002), 1-18.

[13] L. Lin, X.H. Yuan and Z.Q. Xia, Multicriteria fuzzy decision-
making methods based on intuitionistic fuzzy sets, Journal of
Computer and System Sciences 73 (2007), 84-88.

[14] 1.Y.Liang, K.S. Chin, C. Dang and R.C.M. Yam, A new method
for measuring uncertainty and fuzziness in rough set theory,
International Journal of General Systems 31 (2002), 331-342.

[15] J.Y.Liang and Z.Z. Shi, The information entropy, rough entropy
and knowledge granulation in rough set theory, International
Journal of Uncertainty Fuzziness and Knowledge-Based Sys-
tems 12 (2004), 37-46.

[16] 1.Y. Liang, Z.Z. Shi, D.Y. Li and M.J. Wierman, Information
entropy, rough entropy and knowledge granulation in incom-
plete information systems, International Journal of General
Systems 35 (2006), 641-654.

[17] S. Nanda and S. Majumda, Fuzzy rough sets, Fuzzy Sets and
Systems 45 (1992), 157-160.

[18] Z. Pei and L. Zheng, A novel approach to multi-attribute deci-
sion making based on intuitionistic fuzzy sets, Expert Systems
with Applications 39 (2012), 2560-2566.

[19] Z.Pawlak, Rough sets, International Journal of Computer and
Information Science 11 (1982), 341-356.

[20] Z.Pawlak, Rough, Sets: Theoretical Aspects of Reasoning about
Data, Kluwer Academic Publisher, Boston, 1991.

[7

—

[9

—



[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

W. Xu et al. / Uncertainty measure of Atanassov’s intuitionistic fuzzy T equivalence information systems

Y.H. Qian and J.Y. Liang, Combination entropy and combi-
nation granulation in rough set theory, International Journal
of Uncertainty, Fuzziness and Knowledge-Based System 16
(2008), 179-193.

Y.H. Qian, J.Y. Liang, W.Z. Wu and C.Y. Dang, Knowledge
structure, knowledge granulation and knowledge distance in a
knowledge base, International Journal of Approximate Reason-
ing 50 (2009), 174-188.

Y.H. Qian, J.Y. Liang and C.Y. Dang, Fuzzy information gran-
ularity in a binary granular structure, IEEE Transactions on
Fuzzy Systems 19 (2011), 253-264.

A .M. Radzikowska, Rough approximation operations based on
IF sets, in: ICAISC 2006, Lecture Notes in Computer Science,
vol. 4029, Springer, Berlin, 2006, 528-537.

S.Rizvi, H.J. Naqvi and D. Nadeem, Rough intuitionistic fuzzy
set, in: Proceedings of the Sixth Joint Conference on Informa-
tion Sciences (JCIS), Durham, NC, 2002, 101-104.

S.K. Samanta and T.K. Mondal, Intuitionistic fuzzy rough sets
and rough intuitionistic fuzzy sets, Journal of Fuzzy Mathemat-
ics 9 (2001), 561-582.

C. Shannon, The mathematical theory of communication, Bell
System Technical Journal 27 (1948), 373-423.

L.K. Vlachos and G.D. Sergiadis, Intuitionistic fuzzy informa-
tion - applications to pattern recognition, Pattern Recognition
Letters 28 (2007), 197-206.

M. Wierman, Measuring uncertainty in rough set theory, Inter-
national Journal of General Systems 28 (1999), 283-297.

C.P. Wei, P. Wang and Y.Z. Zhang, Entropy, similarity measure
of interval-valued intuitionistic fuzzy sets and their applica-
tions, Information Sciences 181 (2011), 4273-4286.

[31]

[32]

[33]

[34]

[35]

[36]

[37]
[38]
[39]

[40]

1811

Z.S. Xu, Intuitionistic preference relations and their application
in group decision making, Information Sciences 177 (2007),
2363-2379.

W.H. Xu, X.Y. Zhang and W.X. Zhang, Knowledge granula-
tion, knowledge entropy and knowledge uncertainty measure in
ordered information systems, Applied Soft Computing 9 (2009),
1244-1251.

Z.S.Xu, Intuitionistic fuzzy aggregation operators, [EEE Trans-
actions on Fuzzy Systems 15 (2007), 1179-1187.

Z.S. Xu and R.R. Yanger, Some geometric aggregation oper-
ators based intuitionistic fuzzy sets, International Journal of
General Systems 35 (2006), 417-433.

E. Szmidt and J. Kacprzyk, Distances between intuitionistic
fuzzy sets, Fuzzy Sets and Systems 114 (2000), 505-518.

Z.B. Xu, Some similarity measures of intuitionistic fuzzy sets
and their applications to multiple attribute decision making,
Fuzzy Optimization and Decision Making 6 (2007), 106-121.
L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965),
338-353.

L. Zadeh, Fuzzy sets and information granularity, Advances in
Fuzzy Set Theory and Applications 1 (1979), 3-18.

W.X. Zhang and G.J. Wang, Fuzzy Mathematics, Xi’an Jiaotong
University Press, Xi’an, 1991.

S.F. Zhang and S.Y. Liu, A GRA-based intuitionistic fuzzy
multi-criteria group decision making method for person-
nel selection, Expert Systems with Applications 38 (2011),
11401-11405.



